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Abstract. For an iterated function system (IFS) of simillitidues, we define two 
graphs on the representing symbolic space. We show that if the self-similar set 



G 
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K has positive Lebesgue measure or the IFS satisfies the weak separation con- 
dition, then the graphs are hyperbolic, moreover the hyperbolic boundaries are 
, homeomorphic to the self-similar sets. 
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1. Introduction 



< 

J \ For a contractive iterated function system (IFS) {Sj}^ =1 of similitidues on M d , 

there is a tree of finite words which represents each point of the associated self- 
similar set K. The iteration defines a random walk on the tree, and the Martin 
boundary of the random walk is a Cantor set f[C]. see also |K3j ). On the other 
hand, Denker and Sato [DS1-3] introduced a random walk on the symbolic space 
of the Sierpinski gasket, and showed that the Martin boundary is homeomorphic to 
the gasket. Furthermore, they identified a subclass of harmonic functions from the 



^vO ■ random walk with Kigami's harmonic functions ( |Klj . |K2] ) on the gasket. The case 

of the pentagasket and other extensions were studied in [I] and |DIK] . Recently, Lau, 
. Ju and the author |JLW] extended this to the class of mono-cyclic post critically 

finite (p.c.f.) self-similar sets, more generally to self-similar sets with the open set 
condition (OSC) |LW2] . This provides a close link of the boundary theory with the 
^ \ recent development of analysis on fractals. 

In another direction, Kaimanovich |Ka] introduced a hyperbolic structure ( "aug- 
mented tree") on the symbolic space of the Sierpinski gasket, and showed that the 
gasket can be identified by the hyperbolic boundary of the graph. The Martin 
boundary of the simple random walk on the graph can be obtained by a general 
theory on the random walk on hyperbolic graph (jX], |W]). 



Let {Sj}f =1 be an IFS of similitudes on R d . Denote by < n < I, i = 1, 2, ■ • • , N 
the contraction ratio of Si. Let S* = U^ =0 {1, 2, ■ ■ • , N} n be the finite words space. 
(We use the notation o to denote the empty word and {1,2, ••• ,N}° := {o}). 
For i = i\ ■ ■ -i n , j = j± - ■ ■ j m £ £*, denote ij = i\ ■ ■ ■ i n j\ ■ ■ ■ j m the concatenation 
(oi = io = i), Si = S ix o • • • o S in the composition (S a is the identity map by 
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convention) and r\ = r\ ■ ■ -r in . Let r = min{rj : i — 1, 2, • ■ • , N}, and for each 
integer n > 1, let 

X = { JU2 • • • jn e S* : • • • r in < r n < r h ■ ■ ■ r jn _, }. J = U™ =0 J n , 

where J Q = {o}. If i = z'i • ■ ■ i fc G JZ^, we denote this by |i| = n, and say that i is in 
level n (Note that |i| is not the length of i in general). We say i, j G J are equivalent 
and denote by i ~ j if and only if S\ = Sy It is clear that i ~ j implies that |i| = |j|. 
Moreover, ~ defines an equivalence relation on J . We denote by X the quotient 
space J j ~, and [i] the equivalence class of i. For x — [i] G X, we denote S x = Si 
and \x\ = |i|. By abusing notation, we write i G X means that [i] G X. 

There is a natural graph on X: For x = {ii, • ■ ■ , i n }, y = {ji, ■ ■ • , j m } G X (recall 
an element in X is an equivalence class of some multi-index in £*), we say that there 
is an edge between x and y if = i^k for some 1 < k < m, 1 < £ < n, k 6 E* 
and \y\ = \x\ + 1. We denote by S v the above edges set. For y G X, we use the 
notation y' 1 to denote any one of x G X such that (x,y) G S v and \y\ = \x\ + 1. 
More general, define inductively y~ n = (y -1 -™ -1 )" 1 . It follows that 
a path from x to x~ n . If (x, y) G with = \x\ + 1, we say that x is an ancestor 
of |/ and y a descendent of x. It is possible that a vertex in X has more than one 
ancestor. Also by abusing notation, we write (i,j) G £ v to mean that ([i], [j]) G £ v . 

In order to describe the self-similar set K, we need more edges. Let 
£+ = {(x, y) : \y\ = \x\ + 1, S X (K) n 5,(K) ^ 0, x ^ y" 1 }; 

and let 

E h = {(x,y) : \y\ = \x\, S X (K) n 5 y (^) ^ 0}. 

If (x, y) G such that x~ x 7^ for any x~ l and any (recall that x _1 may 
not be unique) , then we say x and y are conjugates. We call an edge in £ v U £ J" a 
vertical edge, and an edge in Eh a horizontal edge. Let 

£ = U E h , and £° = U £+. 

The graph (X, E) simulates Kaimanovich's "augmented tree" |Kaj . 

Theorem 1.1. The graphs (X,E) and (X,E°) are hyperbolic provided that the self- 
similar set K has positive Lebesgue measure or the IFS satisfies the weak separation 
condition. 

The definition of weak separation condition (WSC) (to see the definition 14. ip was 
first proposed by Lau and Ngai |LN] to study the multifractal structure of an IFS 
with overlaps, and was studied extensively by many authors ([Z], |LNR] . |FL] . |LW3] 
and references there in). The WSC is an important condition in the study of IFS 
with overlap. 
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Theorem 1.2. With the same assumptions as in Theorem M.li then the self-similar 
set K is homeomorphic to the hyperbolic boundaries of(X,S) and (X, Further- 
more, the Holder equivalence holds if we assume additional conditions on the IFS 
(condition (H) in Section 4)- 

Recall that an IFS satisfies the open set condition (OSC), if there exists a bounded 
nonempty open set Oci 11 such that O C U^ 1 S'j(0) with the union disjoint. It is 
well known that the OSC implies the WSC, and hence the above theorem 11.11 and 
11.21 extend the results in |LWlj where the IFS satisfies the OSC. 

We organize the paper as following. In Section 2, we recall some basic notations 
and definitions of a hyperbolic graph and a hyperbolic boundary. In Section 3, we 
study the properties of the graphs induced by an iterated function system, and prove 
criterions for the graphs (X, £) and (X, 8°) to be hyperbolic graphs. We prove theo- 
rem [Tj] in Section 4. In Section 5, we will prove Theorem ll.2l and show an example 
where both the condition (H) and the Holder equivalence do not hold. Some open 
questions are given at the end of the paper. 

2. Hyperbolic Graphs and Hyperbolic Boundaries 

Let G be a countably infinite set, and Q <Z G 2 . We say that (G, Q) (or simply G) is 
a graph if Q does not have loops and is symmetric, i.e., (x, x) £" Q for all x £ G, and 
(x, y) £ Q implies that (y, x) £ Q. We identify (x, y) and (y, x) and call it an edge. To 
visualize the graph (G, Q), we draw a segment [x, y] if (x, y) £ Q. A finite pathp[x, y] 
from x to y is a sequence [xq, x\, ■ ■ • , x n ] with xi) £ Q and x = xo,y = x n , we 

use \p[x, y] | (= n) to denote the length of the path. Throughout the paper, we assume 
that the graph is connected, i.e., for any two different vertices x,y £ G, there is a 
path between them. A graph carries an integer- valued metric d(x,y), which is the 
minimal length of all paths from x to y. If a path p[x, y] has the minimal length, we 
say that the path is a geodesic segment and denote the path by Tr[x,y}. For x £ G, 
we call deg(x) = {y £ G : (x,y) £ Q} the degree of x. We say a graph is local 
finite if there exists a constant c > such that max{deg(x) : x £ G} < c. We fix a 
reference point o £ G and call it the root. Denote |x| = d(o,x), if |x| = n, we say x 
is on the n-th level. If \x\ < \y\, we say that x is on the upper level of y, or y is on 
the lower level of x. 

Recall that the Gromov product of two vertices x, y £ G is defined by 

\x Ay\ = ^(\x\ + \y\- d(x,y)). (2.1) 

Definition 2.1. We say a graph (G,Q) is 5-hyperbolic (with respect to the root o) 
if there exists a constant 5 > such that 

\x A y\ > min{|x A z\, \zAy\} — 5, Vx,y,zeG. (2.2) 
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As in jW], we choose a > such that a' = e Sa — 1 < y2— 1, where 5 is as in (12. 2p . 
Define for x,y £ G, 

I exp(— alx A x ^ y, 
p a (x,y) = { PV 1 ™' (2.3) 
[0, x = y. 

Then 

Pa(x,y) < (1 + a')max{p (a;,2;),p a (2/,2:)}, Wx,y,zeG. (2.4) 
This means p a {-,-) is an ultra-metric. It is not a metric, but is equivalent to the 
following metric: 

n 

9 a (x, y) = inf PoO&i-i, x<) : n > 1, z = x , x u . . . ,x n = y, Xi G G}, 

in sense that (1 — 2a')p a < a < p a (to see [WJ Proposition 22.8]). Since p a and 
# a define the same topology, in our consideration we will use p a instead of 9 a for 
simplicity. It is known that for any sequence {i„}^ =1 such that lim^oo \x n \ = oo, 

{x n } is Cauchy in the ultra-metric p a (x,y) if and only if lim m . 

Definition 2.2. Lei G denote the completion of the graph G under p a . We call 
dG = G\G the hyperbolic boundary of G. 

The hyperbolic boundary dG is a compact set. It is often useful to identify 
£ G dG with the geodesic rays in G that converge to £. (By a geodesic ray, we mean 
an infinite path ir[xo, x\, X2, • ■ ■ ] such that (xj, Xj+i) G Q (i = 0, 1, • • • ), starting from 
the root o and with any finite segment of the path being a geodesic). Note that two 
geodesic rays £ = ft[xo, x±, X2, ■ ■ • ] and 77 = 7t[t/o, 2/1, 2/2, ■ • • ] are equivalent as Cauchy 
sequences in the ultra-metric p a if and only if 

d(x n ,y n ) < cS (2.5) 

for all but finitely many n, where c > is independent of the rays [W] . 



Let n[x , X\, x<2, ■ ■ ■ ] be a geodesic ray and y G G. For each n, there is a geodesic 
7r[y, z\, ■ ■ ■ , Zk, x n ] connecting y and x n . Note that p[y, z±,--- , Zk, x n , x n+ i] is a path 
from y to x n+ \. It follows that d(y, x n+ i) < d(y, x n )+l, this implies that {lyAXnl}^^ 
is a non-increasing sequence, and hence lim^oo \y A x n \ < 00 exists. Similarly, if 
n[yo, yi, 2/2, ■ • •] is another geodesic ray, then lim^oo \x n A y n \ exists and is finite. 
We extend the Gromov product and ultra-metric to dG: 

|f A 77 1 = inf { lim \x n A y n | : x n , y n G X, x n — > f , y n — ► 77}, (2.6) 

n— >oo 

where the infimum is taken over all geodesic rays vr[xo, xi, £2, - - ■ ] and 7r[?/o, 2/1, 2/2, ■ ■ • ] 

converging to f and 77 respectively. Note that the value of \x A y\ has the form y 

(where m is an integer), and hence the infimum is reached by some geodesic rays. 
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Let tt[x , Xi, X2, ■ ■ ■] and 7i[yo, Vi, y-i-, • • •] be geodesic rays which attain the infimum 
in (12. 6ft . Let 7i[z , z\, Z2, • • •] be another geodesic ray which converges to 7 G dG. 
By (E2D, we have 

\x n A y n \ > min{|x n A z n \, \z n A y n \} - 5. 
Let n — > 00 and taking the limit, we have 

|£A?7|> lim min{|x n A z n \, \z n A y n \} - 8 > min{|^ A 7], \j Ar)\} — 5. 
It follows that 

Pa(^V) < (1 +a) maX {Pa(^,7), Pa(7>^)}> 

where a' = e a5 — 1. We see that the extension of p a is still an ultra- metric on dG as 
in ([22]). 

On the other hand, if geodesic rays ir[x' lr x' 2 , ■ ■ ■] and ^[y[,y2, ■ ■ ■] converge to 
the above £ and r\ respectively, then n[xi, x 2 , ■ ■ ■] is equivalent to tt[x' 1 ,x 2 , ■ ■ ■], and 
7r[j/i, 1/2, • ■ ■ ] is equivalent to Tr[y[, y' 2 , ■ ■ ■]■ By (12. 5p . we have 

d(x n , x' n ) < cS, d(y n , y' n ) < cS. 

It follows that 

\x n Ay n \ - \x' n Ay' n \ = -\d(x n ,y n ) - d(x' n ,y' n )\ 

< ^{\d(x n ,y n ) - d(x n ,y' n ) \ + \d(x n ,y' n ) - d(x' n ,y' n )\ 

< 5 (d(yn,y' n ) + d(x n ,x' n )) < c5. 

Hence 

p a (^v)e- acS < lim Pa (x' n ,y' n ) < p a (^rj). (2.7) 



(The last inequality holds, because {x n }, {y n } attain the minimum in (12. 6p ). This 
inequality will be used in section 5. 



3. Induced Graphs by IFS 

Let {Sj}^! be an IFS of similitudes on M. d . We sue the notation defined in Section 
1 where we defined two graphs (X, £) and (X, 8°). Let d(x,y) and d°(x,y) be the 
graph metrics on (X, S) and (X, £°) respectively. We select the empty word o as the 
root of the graphs, then for any i e £*, |i| = d(o, i) = d°(o, i) (recall the we abuse 
the notation i e X for [i] e X). 

If the IFS satisfies the OSC, then the graph (X,£ v ) is a tree (For any x G X, 
there exists a unique path from the root to x), and this case was studied in [EOT!] . 
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If the OSC does not hold, it is possible that Si = Sj for deferent i, j G £*. Hence 
there are deferent paths from the root to vertex [i] = [j] G X . 

Example 1. Let £$( G R, z = 0, 1, 2 be an IFS, the self-similar set 

is K = [0, 2]. J 2 / ~= {{00}, {01}, {02, 10}, {11}, {12, 20}, {21}, {22}}. 

The vertex {02, 10} have two ancestors {0} and {1}. (0, 02), (1, 02) G £ v (abusing 
the notation). 

I 1 



+ 



I 1 

l l l 

(«) 

FIGURE 1. Example 1, (a) the iteration; (b) the graph (X,£°); (c) the 
graph (X, £). The solid lines in (6), (c) are edges in £ v ; the doted lines in 
(6), (c) are edges in £+, and £h respectively. 




In the graph (X, £°), there are eight edges connecting 1: one of them connects the 
root o; three of them connect the descendents ([10] = {10,02}, [11] = {11}, [12] = 
{12,20}), and the others belong to (to see Figure 1 (6)). 

In the graph (X, £), for n > 2, each "boundary vertex" (0 n and 2 n ) has two 
horizontal neighbors, each "near boundary vertex" (0 n_1 l and 2 n_1 l) has three hor- 
izontal neighbors, and the other vertices have four horizontal neighbors(to see Figure 
1 (c)). □ 



For the graph (X, £), a geodesic vr[x,y] connecting x and y is called canonical 
if ir[x, y] = ir[x, u] U ir[u, v] U 7r[u,?/] (one or two parts may vanish) with 7r[w,t>] a 
horizontal path and ir[x, u], n[v,y} vertical paths; Moreover for any geodesic path 
tt'[x, y], d(o,ii[x,y}) < d(o,ii'(x,y)). By the definition of Gromov product (12. ip . we 
have 

\xAy\ = h-^ (3.1) 

where h and £ are the level and the length of the horizontal segment n[u, v] with 
respectively. 
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Following |Kaj , we can use the following moves repeatedly to change the geodesic 
without increasing the length: for m,d6 7i[x,y}, \u\ = \v\, 

[u, v, v _1 ] — > [u, v _1 ] and [u~ , u, v] — > [u~ , v~ , v]. 

By using this, we get a canonical geodesic. We should note that for a geodesic seg- 
ment in £, it cannot contain a sub-segment [u, v, w] with \u\ = \w\ = \v\ — 1, since in 
this case (u,v), (v,w) G £ v , which implies that S V (K) C S U (K) D S W (K), it follows 
that S U (K) fl S W (K) 7^ 0, and hence (u,w) G £h and d(u,w) = 1. This contradicts 
that [w, i>, ty] is a geodesic segment. 

An analogous to [LW11 Theorem 2.3], we have the following criterion for the graph 
(X, £) to be hyperbolic. 

Theorem 3.1. The graph (X,£) is hyperbolic if and only if there is a constant 
L > such that the length of any horizontal geodesic is bounded by L. 

Proof. The proof of |LWll Theorem 2.3] works here. We give another proof for the 
necessary part only. 

For any horizontal geodesic tt[x, y] connecting x, y G X, without loss of generality, 
we assume that the length of 7r[x, is an even number, say 2k. Let z be the mid- 
point of 7r[x,y]. Then 

\x A y\ — \x\ — k, 

By ([52]), we have 

\x\ — k > \x\ 

Now we study the graph (X, Observing that if p[u, v, w] (u ^ w) is a path in 
£° such that \u\ = \w\ = \v\ — 1, (v in the lower level of u and w) then (u, v), (v, w) G 
£°, and hence S U (K) n S V (K) ^ and S V (K) n S W (K) ^ 0. Let v' = v~ 2 (this v' 
may not unique), then it is clear that S V {K) C S v i(K). Thus S U (K) fl S V /(K) ^ 
and S V '(K) fl S W (K) ^ 0, it follows that (w, u'), G i.e., p[tt, is also 

a path. We see that p[u, v, w, v', u] is a closed path with u, w in the same level and 
v, v' in the lower and upper level respectively. The closed path p[u, v, w, v', u] looks 
like a "diamond". 

Definition 3.2. A graph (G,Q) is called a diamond graph (or simply diamond) if 
(i) (x, y) G for any x,y G G with \x\ = \y\; 

(ii) For any path p[u,v,w] with \u\ = \w\ = \v\ — 1, (u ^ v), there exists 
v', \v'\ = \u\ — 1 such that p[u,v',w] is also a path. 



\x A z\ = \z A y\ = \x\ 



- - 5, i.e., k < 25. 

2 ' 



n 
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We have shown that 



Corollary 3.3. The graph (X,S°) defined in Section 1 is a diamond graph. 

For a diamond graph (G,Q), if [u, v,w] is a geodesic segment, then \v\ 7^ \u\ and 
\v\ 7^ \w\. Hence there are three possible cases: (a) \u\ = \v | + 1 = + 2 (or 
\w\ = \v\ + 1 = |it| +2); (b) |«| = |iu| = \v\ + 1; or (c) |u| = |w| = \v | — 1. For the last 
case, we use the move [u, v,w] — > [u,v',w], where v' is as in the above definition. 
By repeating this move, we see that for any x,y G G there is a canonical geodesic 
x — x , xi, ■ ■ • , x n = y such that \xi\ = \x i+ i\ + 1 (i < k) and \xi\ = \x i+ i\ — l(i>k) 
for some k, and we say that Xk is on the top level of the canonical geodesic. As a 
direct consequence of this, we see that d(x,y) is an even number for all x,y G G 
with \x\ = \y\. 

For a diamond graph, if x, y G G, then there is a canonical geodesic from x to y. 
We assume that z is in the geodesic segment and is on the top level. Then it is clear 
that \x A y\ — \z\. 

Theorem 3.4. A diamond graph (G,Q) is hyperbolic if and only if there exists 
some constant 6' > such that for any z G G and any two geodesic pathes 
ir[o,Xi,--- ,x n ,z] and w[o,yi,-- - ,y n ,z] from the root o to z, we have d(xi,yi) < 
5', % — 1, 2, • • • , n. 

Proof. Necessity: If otherwise, then for any integer k > 0, there exists z G G and 
two geodesic pathes from the root oto z: o4i->z and o — > y — > z, \x\ = \y\ with 
d(x,y) = 2k. Let x — x\, • ■ ■ , Xk, x* , Xk+i, ■ ■ ■ ,%2k = y be the canonical geodesic 
joining x and y. Then \x Ay\ = \x*\ — \x\ — k and \x A z\ = \z A y\ = \x\ = \y\. We 
see that 

\x A y\ = min{|x A z\, \z Ay\} — k. 
This contradicts the definition of a hyperbolic graph. 

Sufficiency: We will prove that (12. 2h holds for some constant 5 > 0. 

For this, we use canonical geodesies connecting them: x — > w — y, x — > u z 
and z — > v — > y, where w, u and v are on the top levels, then 

|xAy| = |u;|, |xAz| = |u|, |z A y| = 

Without loss generality, we assume that \u\ < \v\. Then (12. 2\\ is reduced to 

\w\ > \u\ —5. Let u' be on the geodesic segment from u to z such that \u'\ = \v\ 

(to see Fig 2). The length of the path from x to y: x — > u — > u' — > v — > y is 

(\x\ - \u\) + (\u'\ - \u\) + d(u', v) + (\y\ - \v\) = \x\ + \y\ - 2\u\ + d(u f , v). On the 
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Figure 2. The canonical geodesies 



other hand, the canonical geodesic from x to y has length — |w;|) + (|y| — \ w\) = 
\x\ + \y\ — 2\w\, and the geodesic has the minimal length. Hence 

\x\ + \y\ — 2\u\ + d(u',v) > \x\ + \y\ — 2\w\, 

and thus \w\ > \u\ — ^d(u',v). Now we consider the two geodesies from the root o 
to z: o — > u' — >• z and o — > v — > z, and note that \u'\ = \v\. Using the hypothesis, 
we have d(u',v) < 5'. It follows that \w\ > \u\ — ^. This completes the proof. □ 

To end this section, we prove the following lemma which will be used in the next 
section. 

Lemma 3.5. Let d and d° be the graph metrics on (X,£) and (XjS ) with respec- 
tively. Then 

d°(x,y) < d(x,y) + 1, \/x,yeX. 

Proof. For any x, y G X, assume that x, x -1 , • • • , x~ n , u±, ■ • ■ , ug, y~ m , • • ■ , y" 1 , y 
is a canonical geodesic in £, where {x~ n ,ui, ■ ■ ■ ,ii£,y~ m } is the horizontal part, 
{x, x" 1 , • • ■ , x~ n } and {y~ m , • • ■ , y" 1 , y} are the vertical parts of the canonical ge- 
odesic. We consider the two possible cases: (a) £ = 2k + 1 is an odd number; or 
(b) £ = 2k is an even number. In the first case, we replace the horizontal part by 
x~ n , itjf 1 , u^ 2 , ■ ■ ■ , u^ k , %+ 2 , ■ ■ • , u 2k+n y~ m (this is a path in 8°). Then we 

get a new path in 8" with length < d(x,y). In the case i = 2k, we replace the 
horizontal part by x~ n , u^ 1 , w^ 2 , • • • , u^ k , u^ k+1 \ • • • , u^, y~ m - We see that 
d°(x,y) < d(x,y) + 1 in both cases. □ 

4. Hyperbolicity of the Graphs 

In this section, we first recall the definition of the weak separation condition for 
an IFS and its basic properties. The definition was first proposed by Lau and Ngai 
|LN] to study the multifractal structure of an IFS with overlaps. 
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Definition 4.1. We say that the IFS {Sj}^^ satisfies the weak separation condition 
(WSC) if there exists some constant 7 > and a compact subset DcR d with non- 
empty interior and UjL l Sj(D) C D, such that for any n > 1 and x G M. d 

#{SeA n : X6S(D)}< 7 , 

where A n = {Si : i G J n }. 

Lemma 4.2. The IFS {Sj}^ satisfies the WSC if and only if for any b > , there 
exists a constant j(= 7(6)) such that for any n and DcK d with diam(D) < br n , 

#{x G X : \x\=n, S X (K) n D ^ 0} < 7. 

This is a consequence of |LW3| Proposition 2.1]. 

Theorem 4.3. Assume that the IFS satisfies the weak separation condition. Then 
the induced graphs (X, S) and (X, S°) are local finite. 

Proof. For any x G X with \x\ = n, let D = S X {K). Then diamD < rMiamfT. By 
the above Lemma, we have 

#{y G X : \y\ = n - 1, n or n + 1, S y (K) H D ^ 0} < 7 (;|#|) + 7(l#l) + 7(r|# |), 
where \K\ = diam(i^). That graphs are local finite follows from this. □ 

In the rest of this section, we will prove Theorem 11.11 For this, we study the 
graph (X, £°) first. 

Theorem 4.4. Suppose the IFS satisfies the WSC, or the self-similar set K has 
positive Lebesgue measure. Then the graph (X, £°) is hyperbolic. 

Proof. By Corollary I3.3[ the graph is diamond. We will make use of Theorem 13.41 
to prove the assertion. 

For any z G X and any two geodesies from the root o to z: o = Xq, x%, ■ ■ ■ ,x n = z; 
o = y ,y u - ■ ■ ,y n = z. We will prove d (x k ,y k ) < 5', (k = 1, 2, • • • , n) for some 
constant 5' > independent of z and the geodesies (where d° is the graph distance 
on (X, £°)). For any fixed k, let 

n 

D = \J(S Xi (K)US m (K)). 

i=k 

Note that S^K) D S Xi (K) ^ and Sy^K) n S Vi (K) ^ 0. It follows that 

n 

diam(D) < (diamS 1 ^ ( K ) + diamS yi (K)) 

i=k 

n 2\K\ 
< V2r 4 |A'| < -^^r k . 
~ 1 - r 

i=k 
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Let 

{tti, • ■ • , u t } = {x~ (l ~ k \ Vi {l ~ k) : z = k, k + 1, • • • , n}. 

Then for each Ui, we have D D S Ui (K) ^ 0, and there exists {z±, • • ■ ,zg } C 
{ux, ■■■ ,ue} such that x k = Zi, y k = z k) and S Zi (K)nS z . +1 (K) ^ (i = 1, ■ ■ ■ ,4-1). 
Furthermore, we assume that £q is minimal. We claim that £q is bounded by some 
constant. 



Indeed, if the IFS satisfies the WSC, then by Lemma \A.2\ we have £q < j(= 
7(g))- 

Now let us consider the case C(K) > 0, where £(•) is the Lebesgue measure on 
M. d . To prove the above £q is bounded by some constant, we let D' = \J l " =l S Zi (K) . 
Note that S Zt (K) n D ^ 0, diam{S Zi {K)) < r fc diam(K), (i = 1, 2, • • • , £ ). Hence 

diam(D') < diam(D) + 2r fc diam(A') < + 2\K\) r k := cr k 



By the hypothesis, £q is minimal. We know that each point in D' is covered by at 
most two S Z .(K). Comparing the Lebesgue measure, we have 

to 

r (k+i)d ioC (jq < J2C(S Zi {K)) < 2C(D') < 2B(cr k ) d , 

i=l 

where B is the Lebesgue measure of the unite ball in M. d . It follows that £q < ^f K \ ■ 
This completes the proof of the claim. 

By the claim, there is a path x k = zi,z 2 ,--- ,Ze = y k in (X,£), and hence 
d(x k ,y k ) < £q (recall that d is the graph metric on (X,£)). By Lemma 1X51 we 
have d°(x k , y k ) < £q bounded by some constant. The assertion follows from this and 
Theorem Ell □ 

In order to prove that the graph (X, S) is hyperbolic, we introduce the following 
definition. 



Definition 4.5. Metric space (Xi,pi) is said to be quasi-isometric to (X 2 ,p 2 ) if 
there exists a map (which is called a quasi-isometry) f : X x — > X 2 and positive 
constants L, C such that 

(i) for any x,y E X l; 

L- x Pl {x, y)-C< p 2 (f{x), f(y)) < L Pl (x, y) + C; (4.1) 

(ii) for every y G X 2 there exists x G X\ such that p 2 (y, f{x)) < C . 



n 



Now we can compare the graph metrics d and d° on (X,£) and (X, £°). 

Theorem 4.6. Suppose that the IFS satisfies the WSC or the self-similar set K has 
positive Lebesgue measure, Then the identity map from the graph (X, £) to (X, £°) 
is a quasi-isometry with the constant L = 1. 



Proof. By Lemma 13.51 we have d <> (x,y) < d(x,y) + 1. 

For the inverse inequality, we assume that x — x n , ■ ■ ■ ,X\, z,y%, ■ ■ ■ , y m — y is a 
canonical geodesic in £° with z being on the top level. 

Let 

D = (UUS X XK))\JS Z (K) |J (uT =1 S yi (K)) . 

Then 

(n m \ 

i=l i=X J r 

Denote 

{u h • • • , u e } C {x~ n , ■■■ ,x^,z, yf 1 , • • • , y~ m }. 

Then .D fl S Ui (K) ^ (z = 1, ■ • • , £), and exist {z\, ■ ■ ■ ,zg } C {ui, - • • , ue} such 
that zi = x~ n , Zg = y^™, and (zi,Zi+i) G (z = 1, • • ■ , £o — 1). Furthermore, 
we assume that £q is minimal. Then a similar argument as in the proof of Theorem 
14.41 shows that the above £q is bounded by some constant C > 0. We see that 
n[x n , x~\ • • • , x~ n ] U p[zx, ■ ■ ■ , zto] U 7r[y- m , • • • , j/" 1 , y m ] is a path from x = x n to 
j/ = y m in (X,£). Hence 

^(^, ?/)<n + m + C = y) + C. 

This completes the proof. □ 

Denote by |xAy| and \x Ay\° the Gromov product on (X,£) and (X,£°) respec- 
tively. As a direct consequence of Theorem 14.41 and 14.61 we have 

Theorem 4.7. The graph (X,£) is hyperbolic provided that the corresponding IFS 
satisfies the WSC or the self-similar set K has positive Lebesgue measure. 

Proof. Observing that 

Ay| = TjOzl + \y\ ~ d(x,y)), and \x A y\° = - (\x\ + \y\ - (f(x, y)). 



\x 

It follows that 

\x A y\ — \x A y 



1 

" 2 

where the constant C > is as in (14.11) . 



< (4-2) 



12 



Note that (X, £°) is hyperbolic. Hence there exists a constant 5 > such that 
\x A y\° > min{|x A z\°, \z A y\°} — 5, \/x,y,z&X. 

Thus 

C C 
\x A y\ > \x A y\° - — > min{|x A \z A y\°} — 5 — — 

> min{|x A z\, \z A y\} — (S + C). 
This completes the proof. □ 



Remark 4.8. In Theorem \4-4\ and \4-6\ the IFS satisfies the WSC or the self-similar 



set has positive Lebesgue measure, and this implies the following condition: 

(C) For any a > 0, there exists a constant C > 0, such that for any integer n > 
0, D C lR d , \D\ < ar n and a subset {u u ■ ■ ■ ,u £ } C J n with S Ui (K) nfl / I, 
S Ui (K) n S'u^ (if) 7^ 0. Then there exist a subset {zi, • • • , ^ } C {u±, • • • , m^} such 
that Zi = ux, z io = Ui, S Z .(K) n S Z . +1 (K) ± and 4 < C- 

From the proof of Theorem \4-4 and \4-6] we see that the above condition ( C) implies 



both (X, £) and (X, 8°) are hyperbolic. 



5. Hyperbolic Boundaries 

Throughout this section, we assume that the IFS satisfies the WSC or the self- 
similar set has positive Lebesgue measure, and hence the induced graphs (X, £) and 
(X, £°) are hyperbolic. Denote by dX and dX° the hyperbolic boundaries, p a , p° 
the hyperbolic metrics with respectively. 

It is know that if / is a quasi-isometry from hyperbolic graph (X±, di) to (X 2 , d 2 ), 
then {x n } n is Cauchy sequence in Xi under the ultra-metric, if and only if {f(x n )} n 
is. Moreover dXi and dX 2 are homeomorphism ( to see [CDPj ). In our case, we 
have the following strengthen form. 



Proposition 5.1. The hyperbolic boundaries dX = dX° , and the hyperbolic metrics 
p a and p° a are equivalent, i.e., there exists a constant C > such that 

C- 1 p a (Z, V )<p:(Z,v)<Cp a (Z,v), ^,vedX. (5.1) 

Proof. Recall that a sequence {x n } n C X with \x n \ — > oo is a Cauchy sequence 
under the ultra-metric p a if and only if hin^^oo \x m A x n \ = oo, and the Cauchy 
sequence {y n }n with \x n \ = \y n \ equivalent to {x n } n if and only if d(x n , y n ) < c5 for 
all but finite many n. 

By (14. 2p . a sequence {x n } n C X with |x n | — > oo is a Cauchy sequence under the 
ultra-metric p a if and only if it is Cauchy in p^; moreover, by Theorem 14.61 the 
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Cauchy sequence {y n } n equivalent to {x n } n in p a if and only if they are equivalent 
in p*. Recall an element in the hyperbolic boundary dX is an equivalence class of 
Cauchy sequence in the ultra-metric p a . Hence an element £ G dX if and only if 
£ G dX\ i.e., dX = dX°. 

Now we prove (JSU). For £ = [{x n } n ], r) = [{y n } n ] G dX = dX«, (£ ^ 77), by (Q, 
we have 



< C, Vn. 



It follows that p a (x n ,y n ) < e aC p°(x n ,y n ). Letting n — > 00 and making use of (12. 7p . 
we have p a {^,,v) < C Pli^v)- The same argument implies the inverse inequality. □ 

To understand the topology of (dX,p a ) and by the above Proposition, 

we need only to consider one of them. In the following, we consider (dX,p a ). The 
arguments in |LW1] are adopted here. 



Lemma 5.2. tt[uq,ui, ■ ■ ■} is a geodesic ray in the graph (X,£) if and only if there 
exist i = i\i2 • • • G E°° such that u n = [i\ n ] for all n > 0, where i| n G J n is the initial 
part of i. 

Proof. Clearly, for any i G E°°, 7r[i|o, i|i, ■ ■ • ] is a geodesic ray in (X,£) (where 
7r[i|o, i|i, • ■ •] is abuse the notation for 7r[[i|o], [i|i], • • •])■ 

Conversely, assume that n[u , Ui, ■ • •] is a geodesic ray in the graph (X, £). Then 
for each % > 0, (ui, u i+ i) G £q. We use induction to construct i G S°° as follow: 

Choose any ii = i\i2---ik G U\. If we have selected i m = i\,i2---i n G Ug, 
note that (ue,U£+i) G £ v , by the definition of £ v , we know that there are some 
i n+ i, ■ • • , i n +k' G E such that i 1 • • • ^n+i ' ' ' ^n+fc' G u^+i. Eventually we obtain the 
index i = ii, 12 • ■ ■ G E°° such that i| n G u n . □ 

Lemma 5.3. Let £ = 7r[«o, u±, ■ ■ ■ ] be a geodesic ray in (X,£). Then the limit 
lim^oo S Un (x) exists and is independent of x G M. d . Moreover, if a geodesic ray 
77 = ir[v ,Vi, ■ ■ ■} is equivalent to £, then lim^oo S Vn (x) = lim^oo S Un (x). 

Proof. By Lemma |5\2| there exists i G E°° such that u n = [i| n ], (n = 0, 1, • • • ). It is 
well known that the limit lim^oo Si| n (a;) = limn^oo S Un (x) exists and is independent 
of x G M. d , and the first part of the lemma follows. 

For the second part, note that £ and n are equivalent, and hence there exists some 
constant c > such that d(u n , v n ) < c for all n > 0. For each fixed n, there is a 
geodesic segment n[wi, • • • , wg] (wi = u n , we = v n and I < c) connecting w n and v n . 
Note that S Wi (K) nS Wi+1 (K) 7^ 0, taking any x G K, we have the following estimate 

|S„„(x) - S Vn {x)\ <J2^mS Wi (K) < t\K\r n ~ l < c\K\r n ~ c . 
i=i 
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This implies that linv.^ S Vn (x) = lim^^ S Un (x). □ 

Let £ = 7i[uq, ui, ■ ■ ■ ] be a geodesic ray in (X, £). We define 

$(0= hm S Un (x ), 

n— >oo 

where Xq G M. d . By using the above lemma, if a geodesic ray 77 is equivalent to £, 
then <&(£) = $(77). Hence $ induces a map (we still use <E> to denote this map) from 
the hyperbolic boundary dX to the self-similar set K. 



Theorem 5.4. The map $ : OX — > K is a bijection and there exists a constant 
C > such that 

mO-Hv)\<C Pa (C,v) a , V£,77G<9X, (5.2) 
where a = — log r/a. In particular dX is homeomorphic to the self-similar set K. 

Proof. Let xq G M. d . For any x G K, there exists an index u = iii2 ■ ■ ■ G S°° 
such that limn-Kxj Si^...^ (xo) = x. In particular, lim^oo ^^(xo) = x (recall that 
u|n = z'i • • • iki where the integer k is such that r\r2 ■ ■ ■ < r n < r\r2 ■ ■ ■ r k ~ 1 ). This 
means that the image of the geodesic ray vr[u| , u|i, 11)2, • • • ] under the map $ is 
x G K. Hence the map is surjective. 

To show that $ is injective, assume that £, 77 G dX. Then there are geodesic rays 
7r[xo, xi, ■ ■ ■ } and n[yo, yi, • ■ ■ ] converge to £ and 77 respectively; moreover we assume 
that they attain the infimum in ( 12.61) . 

By Lemma 15.21 there exist indexes u = ii*2 • ■ ■ , v = J1J2 • • • G S°° such that 
x n = u| n and y n = v\ n , n = 0, 1, ■ • • (recall that we abuse the notation x n = u\ n 
means that x n = [u| n ]). If $(£) = $(77) = x G K, then 

xeS Xn (K)f]S yn (K), n = 0,l, 2,---. 

Hence (x n ,y n ) G It follows that d(x n ,y n ) < 1, we see that the geodesic rays 
7t[xq, Xi, ■ ■ ■ ] and n[yo, y\, ■ ■ ■ ] are equivalent, i.e., £ = 77. Hence the map $ is injec- 
tive. 

Now we prove ( 15. 2ft . If the above £ 7^ 77, then for any fixed n, there is a canonical 
geodesic n[z Qjn , z hn , ■ ■ ■ ,z kntTl ] (z , n = x n , z kn , n = y n ) joining x n and y n . Note that 
x n+ i,z ,n--- ,Zk n ,n,y n +i is a path (may not geodesic) from x n+ i to y n+1 . Hence 
cZ(a; n+ i, 7/ n+ i) < d(x n , y n ) + 2. It follows that 

\x n+ i A y n+ i\ = -(|a; n+ i| + \y„+i\ - d(x n+1 , y n +i)) 

> 7}(\ x n\ + \Un\ ~ d{x n ,y n )) = \x n A y n \. 
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i.e., {\x n A y n \}^Li is an increasing sequence. On the other hand, £ ^ r\ implies that 

|£ A r]\ — lim \x n A y n \ = k < oo. 

Note that 2k is an integer. Hence there exists m such that 

\%n A y n \ = k, if n > m; |x n A j/ n | < fc, if n < m. 

To estimate - $(r))\, we note that $(£) G S Xm (K) and $(77) G S ym (K), 

hence there exist x,y E K such that S Xm (x) = $(£) and S ym (y) = $(77). Recall 
that 7r[z ,m,''' > ^fe m ,m] is a canonical geodesic jointing x m and y m . Assume that 
Zi jm , ■ ■ ■ ,Zir j7n , (0 < i < i' < k m ) is the horizontal part of the canonical geodesic, 
denote by k', £(= i' — i) the level and length of this segment. Then by (13.11) . we 
have 

_ , £ 
pm A y m \ — k — k + — . 

For the vertical parts, we have 

HO = S Xm (x) G S Xm (K) c S Zhm (K), $(77) = S ym (x) G S ym (K) c S Zi ,jK). 

It follows that 

i' i' 

MO - < diam(|J^ m (K)) < ]Tdiam(^ m (A)) < (£+ l)\K\r k ' 

j=i j=i 

By Theorem 13. 1\ £ is bounded by the constant L > 0. Hence 

|$(0-$fa)l < (L + l)\K\r k -l < (L + l)r-%\K\p a>2 (Z,r)) a , 

where a = — logr/a, and (15.21) follows. 

By (15. 2p . we know that the map $ is continuous, and hence is a homeomorphism, 
since dX and K are compact. We complete the proof. □ 

In order to get the inverse inequality of (15.21) . we need the following condition on 
IFS as [hWT] : 

(H) There exists a constant C > such that for any integer n > and u, v G J n , 
either 

S U (K) n S V (K) ^ or \S u (x)-S v (y)\>C'r n , Vx,7/GA. 



Proposition 5.5. Suppose the IFS {Sj}f =1 in Theorem 5J^ satisfies in addition 
condition (H). Then there exists a constant C > such that for any £,77 G dX , 

C-'m) - Hv)\ < PaitriT < Cm) - Hv)\, (5.3) 
where a = — logr/a. 
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Proof. For £ = r\ the inequality is trivial, in the following we assume that C, ^ t] and 
use the notation in the proof of Theorem 15.41 It is clear that S Xk , (K) PI S Vk , +l (K) = 
0, where k' is the level of the horizontal part of the canonical geodesic connecting £ 
and r) as in proof of the above Theorem. 
By condition (H), we have 

-$(r?) | > C'r k ' +1 =C'r 1 ~ir k > Cp a {^,r]) a 

for some constant C > 0. This is the second inequality of f 15 . 3 j) . The first inequality 
is proved in Theorem 15.41 □ 

The above theorem can be used to study the Lipschitz equivalence relation for 
self-similar sets which can be found in |LL] . 



The following example shows that the second inequality of (15. 3p does not hold if 
the condition (H) fails. 

Example 2: Let p = (0,0), p\ = (1,0) and p 2 = (§, ^) be the vertices of 
equilateral triangle A in M 2 , and let Si(x) = |(x + <&), G M 2 , i = 0, 1, • • • , 4 be 
the five maps, each maping the triangle A to a small triangle (to see Fig 3). This 
IFS satisfies the OSC with the interior of A as an open set. Denote by K the self- 
similar set of the IFS {Si}f =0 . Then {po,Pi,P2} C K C A. Let xo be the horizontal 
coordinate of left-bottom of triangle S3 (A) (the first coordinate of Sz(po)), we choose 
x such that 

1 „ k(k + l) , 

fc=i 

In this example r = \, X = S* = U^° =0 {0, 1, 2, 3, 4} n . 

We define a sequence {a i }^ :1 in the symbolic space E = {0, 1, • • • , 4} as: a« = 1 if 
i = rik for some /c; otherwise a, = 0. By using this sequence, we prove that condition 
(H) does not hold. 




FIGURE 3. The maps in Example 2. 
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We iterate the IFS n k times and get a set of small triangles {S U (A) : |u| = n*,}. 
Consider the following three of such trangles: A x is the one on the top of Si (A), A 2 
the unique one in 83(A) which intersects Ai, and A3 the one on the left of A 2 . The 
corresponding codes are = 14 nfc_1 , = 3a 2 a-s ■ ■ ■ a Uk and w k = 3a 2 a3 ■ ■ ■ a nfc _iO 
with respectively. Let x k be the coordinate of right-bottom of triangle A 3 , i.e., 
Xk = S Wfc (pi), and let y = S Ufc (p 2 )- Then 

00 

\y - x k \ = min{|x - x'\ : x £ A u x' G A 3 } = ^ 3~ n ' = c k ■ 3"" fe+1 , 

i=k+l 

where 1 < c k < |. We see that the condition (H) does not hold. 

Consider the geodesic rays = {wfc2°°| n } n and 77 = {14°°| n ,}. Then = 
and $(77) = On the other hand, 

Kfc A 77I = |w fc | + 1 = n k + 1, 

and p a (£,k,v) a = 3 _nfc_1 . We see that the second inequality in (15. 3p does not hold. 
□ 

Another example which does not satisfy the condition (H) can be found in [LWlj . 

To end this paper, we ask the following question: 
Question 1: Does that graph (X,£) or (X,S°) is local finite imply that the IFS 
satisfies the WSC? 

Question 2: Are the conditions that the IFS satisfies the WSC or the self-similar 
set has positive Lebesgue measure necessary for the graphs to be hyperbolic? 

Acknowledgements. Part of this work was carried out while the author was vis- 
iting the Department of Mathematics of the Chinese University of Hong Kong. He 
is grateful for the discussion with professors K.S. Lau and S.M. Ngai. 

References 

[A] A. Ancona, Positive harmonic functions and hyperbolicity, Potential Theory. Surveys and 
Problems, (eds, J. Krai et al), Lecture Notes in Math., no. 1344, Springer, (1987), 128-136. 

[C] P. C artier, Fonctions harmoniques sur un arbre, Sympos. Math., vol. 9, Academci Press, 
(1972), 203-270. 

[CDP] M. Coornaert, T. Delzant and A. PAPADOPOULOS, Gerometrie et thorie des groupes: 
Les groupes hyperboliaues de Gromov, Lecture Notes in Math., vol.1441, Springer Verlag, 
(1990). 

[DIK] M. Denker, A. Imai and S. Koch, Dirichlet forms on quotients of shift spaces, Colloq. 
Math., 107 (2007), 57-80. 

18 



[DS1] M. Denker and H. Sato, Sierpihski gasket as a Martin boundary I: Martin kernel, Po- 
tential Anal., 14 (2001), 211-232. 
[DS2] M. Denker and H. Sato, Sierpihski gasket as a Martin boundary II: The intrinsic metric, 

Publ. RIMS, Kyoto Univ., 35 (1999),769-794. 
[DS3] M. Denker and H. Sato, Reflections on harmonic analysis of the Sierpihski gasket, Math. 

Nachr., 241 (2002), 32-55. 
[FL] D. J. Feng and K. S. Lau, Multifractal formalism for self-similar measures with weak 

separation condition, J. Math. Purcs Appl. 92 (2009), 407-428. 
[I] A. Imai, The difference between letters and a Martin kernel of a modulo 5 Markov chain, 

Adv. in Appl. Math., 28 (2002), no. 1, 82-106. 
[JLW] H.B. Ju, K.S. Lau and X.Y. Wang, Post-critcally finite fractal and Martin boundary, 

Tran. Amcr. Math. Soc, 364 (2012), no. 1, 103-118. 
[Ka] V. KAIMANOVICH, Random walks on Sierpinski graphs: hyperbolicity and stochastic homog- 

enization, Fractals in Graz 2001, 145-183, Trends Math., Birhauser, (2003). 
[Kl] J. Kigami, Analysis on Fractals, Cambridge U. Press, (2001). 

[K2] J. Kigami, Harmonic calculus on p.c.f. self-similar sets, Trans. Amer. Math. Soc., 335 
(1993), 721-755. 

[K3] J. Kigami, Dirichlet forms and associated heat kernels on the Cantor set induced by random 

walks on trees, Adv. Math., 225 (2010), no. 5, 2674-2730. 
[LL] K. S. Lau and J.J. Luo, Lipschitz eguivalence of self- similar sets via hyperbolic boundaries, 

preprint, (2012). 

[LN] K. S. Lau and S. M. Ngai, Multifractal measures and a weak separation condition, Adv. 
Math., 141 (1999). 45-96. 

[LNR] K. S. Lau, S.M. Ngai ANG H. Rao, Iterated function systems with overlaps and self- 
similar measures, J. London Math. Soc. 63 (2001), 99-116. 

[LW1] K. S. Lau and X. Y. Wang, Self-similar sets as Hyperbolic Boundaries, Indiana Univ. 
Math. J., 58 (2009), 1777-1795. 

[LW2] K. S. Lau and X. Y. Wang, Self-similar sets, hyperbolic boundaries and Martin bound- 
aries, preprint, (2011). 

[LW3] K. S. Lau and X. Y. Wang, Iterated function systems with a weak separation condition 

Studia Math., 161 (2004), 249-268. 
[W] W. WOESS, Random walks on infinity graphs and groups, Cambridge University Press, 

Cambridge, (2000). 

[Z] M. Zerner, Weak separation properties for self-similar sets, Proc. Amer. Math. Soc. 124 
(1996), 3529-3539. 

School of Mathematics and Computational Science, Sun Yat-Sen University, 
Guang-Zhou 510275, P.R. China. 

E-mail address: mcswxy@mail.sysu.edu.cn 



19 



